The black hole information paradox is resolved in string theory by a radical change in the picture of the hole: black hole microstates are horizon sized quantum gravity objects called 'fuzzballs' instead of vacuum regions with a central singularity. The requirement of causality implies that the quantum gravity wavefunctional Ψ has an important component not present in the semiclassical picture: virtual fuzzballs. The large mass M of the fuzzballs would suppress their virtual fluctuations, but this suppression is compensated by the large number -Exp[S bek (M )] -of possible fuzzballs. These fuzzballs are extended compression-resistant objects. The presence of these objects in the vacuum wavefunctional alters the physics of collapse when a horizon is about to form; this resolves the information paradox. We argue that these virtual fuzzballs also resist the curving of spacetime, and so cancel out the large cosmological constant created by the vacuum energy of local quantum fields. Assuming that the Birkoff theorem holds to leading order, we can map the black hole information problem to a problem in cosmology. Using the virtual fuzzball component of the wavefunctional, we give a qualitative picture of the evolution of Ψ which is consistent with the requirements placed by the information paradox.
Introduction
Classical or semiclassical gravity is an adequate approximation in most situations. Quantum gravity is expected to be relevant when the classical metric has a singularity. There are two main cases where such a singularity is of interest: in black holes, and at the big bang.
In string theory we have learnt that quantum gravity changes the entire interior of the horizon to generate a 'fuzzball', and in the process the singularity is removed [1] . In this article we look at the early universe and ask what lessons we can draw for the big bang from the fuzzball paradigm.
The plan of this article is as follows. In section 2 we begin with a philosophical question about the universe. In section 3 we use the Birkoff theorem to relate the information paradox to cosmology, and thereby get a sharp puzzle. In section 4 we define two different ways of studying the universe: as a strictly infinite system, and through the limit of a finite but large ball. In section 5 we collect lessons from the study of the information paradox: the small corrections theorem, the constraint of causality, and the conjecture of fuzzball complementarity. In section 6 we give our proposal for the behavior of virtual fuzzballs, in the form of properties (F1)-(F5). In section 7 we conjecture the nature of the quantum gravity wavefunctional and its evolution in the case where the universe is modeled as a large but finite ball. Section 8 contains our conjecture on how the high curvature implied by the large Λ from local quantum fields is reduced to a small curvature due to the presence of virtual fuzzballs in the wavefunctional Ψ. We also see that our proposal about virtual fuzzballs resolves the 'bags of gold' difficulty with the black hole spacetime. In section 9 we conjecture the nature of the quantum gravity wavefunctional and its evolution in the case where the universe is infinite. Section 10 is a summary of our picture.
A philosophical question
Consider for simplicity a flat cosmology in d + 1 spacetime dimensions
In d = 3 we have a(t) ∼ t 1 2 for a radiation dominated universe, a(t) ∼ t 2 3 for a dust dominated universe.
We write r = (x 1 , . . . x d ). Consider the point r = 0 at time t 0 . The cosmology has a horizon; i.e., there is a radius | r| = r p from outside which no signal has yet reached the point r = 0. The question is: should the Hilbert space at time t 0 describing the physics of the point r = 0 contain the degrees of freedom at | r| > r p ?
This question may sound like an academic one, since we do not lose anything by letting the Hilbert space include all degrees of freedom at 0 ≤ | r| < ∞. But the spirit of quantum mechanics suggests that only what can be measured should be relevant. The degrees of freedom at | r| > r p cannot be measured by a person at r = 0 at time t 0 , so one might hope that there is a way to set things up so that only the degrees of freedom inside the horizon are relevant.
But quantum mechanics is not set up this way ! In quantum theory we have just one Hilbert space, and this Hilbert space includes all the degrees of freedom in the region 0 ≤ | r| < ∞. There have been attempts to define theories with many overlapping Hilbert spaces, but it is probably fair to say that at present we do not have a well accepted and standard formulation of quantum theory along such lines.
The initial state at t = 0 is not determined by any principle in quantum theory, though one might argue in favor of special states like the Hartle-Hawking state obtained by tunneling from a Euclidean space without any past boundary. Due to the philosophical questions arising from the arbitrariness of the initial state, it is helpful to recast the problem in terms of the 'big crunch' rather than the big bang. We assume that our theory is invariant under CPT. Thus we can change t → −t, and look at a situation where the universe is contracting. On an initial time slice, which we will label t = −t 0 we take a homogenous matter distribution, either radiation or dust. The universe contracts, reaching a big crunch singularity at time t = 0, which is a finite proper time in the future of t = −t 0 .
On the slice t = −t 0 there is a value of | r| = r p such that the point at r = 0 will not be able to communicate with points at | r| > r p before the big crunch is encountered. More generally, we can find patches of space on the slice t = −t 0 such that the points in one patch will never be able to communicate with or receive communications from the points in the other patch, before the universe ends at the big crunch. The spirit on quantum theory suggests that the Hilbert space relevant to one such patch should not contain the degrees of freedom in the other patch. But as we have noted above, the standard formulation of quantum theory is not set up to have different Hilbert spaces for the two patches.
We noted above that this question may sound like an academic one, since there is no contradiction if the Hilbert space has some degrees of freedom that a given observer cannot interact with. The reason we raise the issue here, however, is that the lesson from black holes will suggest that for suitable initial conditions we find a resolution of this vexing situation. For these initial conditions we will argue that the degrees of freedom on the spacelike slice automatically partition themselves into chunks of size ∼ r p , where r p gets smaller and smaller as we approach the big crunch.
Black holes are characterized by an outer horizon, from inside which signals cannot escape to infinity. For cosmology, we have multiple notions of the horizon. Before proceeding, we recall the computation of the particle horizon R p or our example of a flat cosmology (2.1). A light ray heading towards r = 0 satisfies
Thus the comoving coordinate elapsed along the path of the light ray since the start of the universe is given by
For a dust cosmology we have
This gives
This corresponds a proper distance of
which is the 'particle horizon' for this cosmology. While the philosophical question noted above is phrased in terms of R p , we will see below that the contradiction we will pose below will be in terms of a slightly different horizon: one defined in terms of the convergence of null rays. t t Figure 1 : (a) An expanding universe can be mapped by CPT to (b) a collapsing universe.
A sharp puzzle
We now turn to a more concrete problem: one which arises by relating cosmology to black hole physics. Take again the cosmology (2.1), and for concreteness let the matter be dust.
We will now relate this cosmological setting to the black hole problem; this relation was noted in [2] . Consider a homogenous ball of dust with mass M and radius R. We start with
and allow the ball to collapse under its own gravity. In classical general relativity, the ball will pass through the radius
and continue collapsing towards a singularity. A horizon is created at R = R h . Hawking pairs are created at this horizon, and this pair creation leads to the information paradox [3] . As we will see in more detail below, the information paradox can be turned into a sharp statement: if evolution around this horizon is like evolution in vacuum spacetime to leading order (as implied by the semiclassical picture), then we must have remnants or information loss [4] . We also note that string allows neither of these two possibilities. The way the information puzzle is resolved is that a horizon never forms: the collapsing ball tunnels into a linear superposition of 'fuzzball' states, each of which is a horizon sized quantum ball with no horizon. Now we relate this description to cosmology. We proceed in steps, making some plausible assumptions at each step:
(i) Consider a slice of the cosmology (2.1) at t = t 0 . We reverse the direction of time t → −t so that the cosmology is heading towards a big crunch ( fig.1 ).
(ii) We mark out a ball of proper radius R b around the point r = 0. We imagine that a thin shell
is 'empty'; i.e. is a vacuum region. This assumption allows us to make a clean separation between the ball R < R b and the region R > R b . It should not be needed however for our dust cosmology, as there is no direct contact between neighboring dust particles anyway; thus there is no 'pressure' from the region R > R b onto the surface R = R b .
(iii) We assume that the Birkoff theorem holds; i.e., for the spherically symmetric situation that we have, the region R > R b + δ has no influence on the evolution inside the region R < R b .
1 Thus we can replace the dust cosmology in the region R > R b + δ with a vacuum region; i.e., asymptotically flat spacetime. Then the dynamics of this collapsing ball becomes identical to the collapsing ball that we had in the black hole problem.
(a) (b) (c) (iv) For the black hole, we had argued that the dust ball never collapses through its horizon; the ball tunnels to fuzzballs when its radius shrinks close to the value R = R h . We should therefore expect that in the big crunch, there can never be a region of normal dust which has
Here M is defined by connecting the ball R < R h to asymptotically flat spacetime as in (iii) above. Thus we see a sharp departure from the semiclassical picture, where the dust would simply pass through configurations of higher and higher density (while remaining dust) till it reached infinite density at the big crunch ( fig.2 ).
(v) We can reverse time t → −t to address the big bang. Since string theory is invariant under such a change of time, we argue that in the big bang we can also never have a region satisfying (3.4); i.e., where the dust is inside its own horizon radius.
There is nothing in the above argument that says that one has to be close to the big bang or the big crunch; thus the argument should be equally applicable to the universe today. It might seem that the argument is saying that the universe we see should not extend past the cosmological horizon today. If this was all that the argument implied, then there would be no sharp contradiction: we have no direct evidence of matter beyond today's cosmological horizon since we cannot see past this horizon. But the argument actually has a stronger implication: at no time in the past should there have been a region of normal dust which was inside its own horizon.
This poses a sharp puzzle. Let the time today since the big bang be t 1 . At times t 2 < t 1 , the horizon was smaller. Thus we can find a t 2 early enough when the matter was still dust, but where the horizon radius R h 2 was much smaller than the horizon radius R h 1 today:
Then we expect that there are many patches in the sky today, all within our present horizon R h 1 , but which represent regions that had radius R h 2 at the earlier time t 2 . These regions have all smoothly merged to make the interior of our horizon today. It would therefore seem that at time t 2 we could have a region of radius
without encountering any problem. This would however be in contradiction with our argument leading to the impossibility of (3.4). To summarize, our sharp puzzle is as follows. In the traditional picture of cosmology, we have an infinite homogenous spatial slice. Thus we can always consider a ball of sufficiently large R so that the mass M inside the ball satisfies 2GM > R. But if we assume Birkoff's theorem, then we can replace the outside of this ball with empty, asymptotically flat spacetime. This maps the situation to the black hole problem, where we get a dust ball which has collapsed through its horizon; i.e., to a radius R < R h = 2GM. But once a black hole horizon forms, there is no resolution to the information puzzle in string theory.
For completeness we review the computation of the radius R h for the flat cosmology (2.1) in the Appendix.
Two different initial conditions
In semiclassical gravity we can consider two cases for the dust cosmology: (C1) As an infinite universe (C2) As a finite dust ball of radius R max ; if R max is large and we look at the physics near the center of the ball, then we should not be able to distinguish this case from the case C1 of the infinite universe.
We will argue that with the full theory of quantum gravity, the two cases C1 and C2 differ in their full quantum gravity wavefunctional Ψ in an essential way: the virtual fluctuations of fuzzballs are very different in the two cases, and this leads to different evolutions for the full quantum gravity wavefunctional.
Three lessons from black holes
To develop our proposal for the nature of the cosmological wavefunctional Ψ, we draw on the lessons that we have learnt from three issues with black holes. These three issues are (a) the information paradox (b) the causality constraint Issue and (c) the conjecture of fuzzball complementarity. Here (a) will tell us that black hole microstates are fuzzballs. Issue (b) will lead us to a picture of virtual fluctuations of these fuzzballs. The conjecture (c) will give a possible way for an effective semiclassical evolution to arise in case C2 (we will have a direct path to semiclassical evolution in case C1).
We will then put these lessons together with what we see in the sky to get constraints on how the cosmological wavefunctional should behave in cases C1 and C2.
The information paradox and fuzzballs
Before we make our proposal about the nature of the cosmological wavefunctional Ψ, let us recall how we get forced to the fuzzball paradigm in order to resolve the black hole information paradox. We will in fact see that that is a close relation between our issues with cosmology and the black hole information paradox.
The information paradox has, of course, been known since 1975, when Hawking found that the formation and evaporation of black holes appeared to violate quantum unitarity. What is the new ingredient that makes the paradox more relevant now than before to the issue of cosmology? As we will now note, the new ingredient is the small corrections theorem which converts Hawking's argument of 1975 into a rigorous result which is stable against all subleading effects that can modify the semiclassical picture [4] . This theorem removes the hope of bypassing Hawking's argument by some way of introducing subtle corrections to the radiation from the hole, since the theorem uses quantum information inequalities to prove that the required information cannot be encoded in this way. Thus the only option left is to modify the semiclassical picture completely, so that there is no traditional horizon around which the spacetime would be in the vacuum state to leading order. In particular we must violate the no-hair theorem to get this altered picture of the black hole. In string theory we indeed find a full set of hair; i.e., one horizon sized 'fuzzball' with no horizon for each of the Exp[S bek ] states implied by the Bekenstein entropy. With this change in the picture of the black hole, we then argue that there must be a change in our picture of cosmology as well.
Let us start with Hawking's argument [3] . Around the horizon of the black hole we have the creation of particle-antiparticle pairs. For example, we could have an electron that falls into the hole, and a positron that escapes to infinity. The positron is then a quantum of 'Hawking radiation', and this radiation process causes the hole to slowly lose its mass.
We have an equal probability for a positron to fall into the hole and an electron to escape to infinity. In fact the overall state of the created pair is an entangled one between the infalling particle and the outgoing one. Calling the electron 0 and the positron 1, the state of the created pair has the schematic form
The entanglement entropy of the outgoing particle with the infalling one is then
In Hawking's leading order picture, each created pair is independent of all other created pairs. After N steps of emission, then entanglement of the radiation outside with the infalling quanta is
If the black hole evaporates away, then we are left with radiation that is entangled, but there is nothing that it is entangled with. Such radiation cannot be attributed any quantum state, and can only be described by a density matrix which gives the probabilities (but not the phases) of different possible state. We started with a star which had a definite wavefunction, and after forming and evaporating the hole, we are left with radiation that is defined only statistically, by its density matrix. Thus we have violated the unitary evolution of quantum theory [3] 
To escape this problem we may conjecture that the hole not evaporate away but stop its evaporation when it becomes a planck sized remnant. But such planck size remnants must have an infinite degeneracy of states, to be able to describe all the possible states of infalling particles that can result from the evaporation of holes with arbitrarily large initial mass M. Such remnants are not allowed in string theory, where we have only a finite number of states below a given mass m p confined to a given radius l p . One may therefore hope that Hawking's argument could be invalidated by subleading corrections to the leading semiclassical computation. Hawking had ignored correlations between different emitted quanta, but of course there can be small quantum gravity effects of order ǫ ≪ 1 that would create such correlations. The number of emitted quanta N is very large
where S bek = A/4G is the Bekenstein entropy of the hole. Thus there might be an exponentially large number of small correction terms to the overall state Ψ describing the radiation and the remaining hole. Even though the correction to each emitted pair is small, it might be that these small corrections cumulate (by the end of the evaporation process) to remove the net entanglement between the radiation and the hole. In that case the hole can vanish away, leaving a pure, unentangled state of the radiation.
But the small correction theorem removes this possibility. Let S ent,n be the entanglement of the emitted radiation with the remaining hole after n steps of emission. Using the strong subadditivity of quantum entanglement entropy, it was shown that [4] S ent,n+1 > S ent,n + ln 2 − 2ǫ (5.6) where ǫ bounds the correction at each step of the emission, We see that the number of emitted quanta N does not appear in this inequality,, so we cannot use the largeness of N to offset the smallness of ǫ and resolve the Hawking puzzle. We can summarize this conclusion as follows: to resolve the information paradox, we need order unity corrections to the low energy dynamics at the horizon. Fuzzballs provide just such a resolution, and so we will accept the fuzzball paradigm as the resolution of the information paradox in what follows.
Causality
Given that the black hole has to be replaced by a fuzzball, we can ask: when exactly does such a fuzzball have to form? Consider a ball of dust that is collapsing to make a hole. Should the ball pass smoothly through its horizon, as suggested by semiclassical physics, and then evolve into a fuzzball later? Or should the collapsed be halted outside the horizon location through a process of fuzzball formation? We will argue that the latter must be the case; for details, see [6] .
Consider the classical black hole metric with horizon radius R h . No timelike or null curve can escape from the region R < R h to the region R > R h ; so in classical general relativity nothing can come out of the horizon. Thus in classical physics we can make a black hole but not 'unmake it'. One might think that quantum fluctuations can bring information from inside the horizon to the outside. But if we study 'quantum fields in curved space', then we still find that information does not travel faster than light. The perturbative fluctuations of gravity can be studied using a quantum field h µν on the background (2.1), so metric fluctuations also travel inside the light cone. Nonperturbative quantum gravity is less well understood, but a simple example is provided by bubble nucleation in cosmology. The bubble wall travels below the speed of light, so even with such nonperturbative effects we cannot send signals outside the light cone by triggering the creation of such bubbles. String theory has extended objects like strings, but these also do not allow faster than light signals: if we perturb one end of a string, the disturbance travels along the string at a speed less than or equal to the speed of light. In short, we do not know of any effect in physics that can send signals outside the light cone.
Thus if we first allow the ball of dust to fall through its horizon ( fig.3 ), then we cannot allow its information to escape by any means that are known in string theory,. We must therefore halt the collapse before the horizon forms. In [6] a picture was given where tunneling into fuzzballs leads to exactly such a halt to the collapse process: the infalling ball tunnels into a linear combination of fuzzball just outside the location where it would have created a horizon. To summarize, what we have learnt from string theory is that matter never gets compressed to a point where it can fit inside its own horizon. As we try to compress matter to the point where it might form a horizon, we find that it tunnels into fuzzballs, and the horizon never forms.
Fuzzball complementarity
The fuzzball is a very quantum gravitational object, and the interior of the fuzzball is not anywhere close to a vacuum spacetime. Can we then recover, in any approximation, the traditional classical picture of infall into the black hole interior?
It was argued in [6, 8, 9] that such a picture of infall could be recovered in an approximate way in a dual description. 2 The infalling dust ball transitions into a linear combinations of fuzzballs, and these fuzzballs do not have a smooth vacuum region around the horizon radius. But the ball does not just transition to fuzzballs: the fuzzball state continues to evolve in the space of all fuzzball solutions. This is a very large space of dimension Exp[S bek ]; we will term it H F The conjecture of fuzzball complementarity says that short time and short distance evolution in this large space H F can be approximately mapped to evolution in the traditional semiclassical black hole. Here the phrase 'short time' means that this approximation isn valid only for times of order the infall time in the classical hole. The phrase 'short distance' means that the region over which we can get the dual description should have a size L ≪ R h .
An explicit model for this evolution exhibiting fuzzball complementarity was given in [7] .
The proposal
We will propose a model for the behavior of fuzzballs, by assuming the following properties of fuzzballs: (F1): The microstates of black holes are fuzzballs, which are horizon sized quantum objects with no horizon or singularity. Simple fuzzballs can be given a description in semiclassical gravity, and from such constructions we deduce the existence of generic microstates which do not have a goos semiclassical description. There are
fuzzball states with mass M.
(F2): The fuzzballs are rather incompressible objects (for a toy model of a fuzzball, see [11] ). More precisely, they are compression resistant (no structure can be completely incompressible in a theory where signals cannot propagate faster than the speed of light). If we try to squeeze a fuzzball, then its energy rises rapidly. This extra energy will typically cause the fuzzball state F i (M) at energy M to change so that it becomes a linear combination of other fuzzball states F j (M + δM) at a higher energy M + δM:
Thus we say that fuzzballs are 'extended compression resistant objects'. Note that a string loop can be an extended object, but it is not incompressible in the same way: even if the string is carrying vibrations, it can be compressed with a much lower cost in fractional energy. With fuzzballs, we cannot fit the number N of fuzzball states (6.1) in a region of size smaller than ≈ 2M + l p , so the generic state must necessarily be incompressible in the sense mentioned above ( fig.6(d) ).
(F3): Suppose we have a black hole state of mass M; i.e., a fuzzball F i (M). Then there are virtual fluctuations about this state describing fuzzball states
The probability for fluctuating to any one fuzzball state 
so the overall effect of these virtual fluctuations is significant, rather than a small quantum correction to the dynamics ( fig.4 ).
(F4): The effect of these virtual fluctuations is to give spacetime another parameter -a 'depth'. The fuzzball F i (M) itself typically ends at a radius r f ≈ 2M + l p , i..e, just outside the location where the horizon would be in the traditional hole. The multipole moments of the fuzzball structure die off rapidly at r > r f , so one might think that spacetime at r > r f is essential the Schwarzschild geometry. But in [6] it was argued that the virtual fluctuations (6.3) are present in this region r > r f and these fluctuations make this region different from a patch of spacetime near infinity. The alteration can be schematically described by modeling spacetime as a sea, whose depth is infinity at r → ∞ and reduces gradually to zero at r ≈ 2M + l p .
Such a picture of a varying depth sea was found in the description of the 0 + 1 dimensional matrix model, where the eigenvalues filled a fermi sea whose dynamics gave rise to 1+1 dimensional spacetime [15] . Suppose the depth pf the sea at a given point is d. A wave with amplitude A ≪ d will not notice that d is finite; it will move as a ripple on the surface of the sea almost as if the sea had infinite depth. The motion of such a ripple gives the motion of the massless tachyon field in a 1+1 dimensional dilaton gravity background. On the other hand if A d, then the wave will feel the bottom of the sea, and distort correspondingly; in fact it can fold over itself, at which point it will describe not a coherent state of the tachyon but instead a complicated quantum state of the tachyon with large dispersions [16] .
A similar effect is postulated for the behavior of an infalling shell of energy E in the fuzzball spacetime created by F i (M). At large r, the shell travels as if the spacetime had an infinite depth, and this behavior reproduces infall in the semiclassical geometry. At some radius r > r f the amplitude of the fields describing the shell becomes comparable to the depth d of spacetime, and here the shell is forced to depart from its semiclassical evolution and transition to a linear combination of fuzzball states F j (M + E). In [6] it was Figure 5 : The black region is land, while the grey region is water. A wave of travels freely when its amplitude is much less than the depth of the water, but will suffer nontrivial deformation when the amplitude becomes comparable to the depth of the water.
argued that causality can be preserved only if this transition happens at r ≥ 2(M + E); we will assume that it happens at the closest point allowed by causality:
Thus the virtual fluctuations of fuzzballs create a 'depth' for the spacetime such that pulses with different energy travel differently on the spacetime; at any location r > r f pulses with sufficiently small energy see semiclassical spacetime, while pulses with energy large enough to form a horizon outside radius r feel the finite depth of the sea and transition to fuzzballs ( fig.5 ). Thus in no case do we develop a horizon, while causality is maintained at all times in the theory. Then the virtual fuzzballs have a radius r < r max = 2M max (6.7)
7 The wavefunctional for case C2
Let us first consider the case C2 listed in section 4. We start with a large, homogeneous, low density dust ball in asymptotically flat spacetime, and let it collapse. In classical general relativity, the interior of this dust ball gives the uniform dust cosmology with the arrow of time reversed: t → −t. We assume that the initial velocities of the dust grains have been tuned so that the dust cosmology is the flat one (2.1).
The overall picture will be as follows. By the property (F4) of fuzzballs (listed in section 6) the collapsing dust ball does not shrink to a radius R < r h = 2GM; it tunnels to fuzzballs of radius R ≈ r h as the R starts to approach the horizon radius r h . Thus there is never a situation where a ball is strictly contained within its horizon radius. Now consider the Hilbert space H F of all fuzzball states; this is a very large space, as the number of fuzzballs is given by Exp[S bek (M)] where S bek is the Bekenstein entropy. The dynamical evolution of the matter inside the horizon will be an evolution on this large space H F . The conjecture of fuzzball complementarity says that the low energy dynamics on H F reproduces, to a good approximation, the low energy dynamics of string theory around the vacuum. This conjecture therefore allows an approximate picture where a particle falling onto the fuzzball excites complicated degrees of freedom, but the evolution of these degrees of freedom approximately mimics infall into the classical metric of the black hole.
Let us now list these notions in more detail:
(a) The flat cosmology (2.1) has an infinite spatial slice. But we have regularized this by taking a ball of proper radius R i ; at the end we will take R i to infinity. Let the density of the ball be ρ 0 , and take it to be collapsing with a rate that would be achieved if this ball started from rest when its radius was infinity. Outside this ball we will take empty spacetime. Thus for R > R i we have the Schwarzschild solution with a mass M, where
The horizon radius for this mass is, using (A.23)
We assume that our starting radius satisfies
(c) When the ball collapses to the radius R = R i , then it will tunnel into fuzzballs, by property (F4). Its further collapse under the semiclassical description is no longer valid. But by the conjecture of fuzzball complementarity evolution in the space of fuzzballs H F gives an approximate dual description of continued collapse of the ball. Let the time at this point be t = t i (7.4) (Note that t i < 0 since we have defined t = 0 to be the time of the big crunch.) (d) We can focus on a small subset of the initial ball; for concreteness we let the subset be a ball which has radius at time T i a radius
The mass of the ball is
We can also write this as
In the approximate complementary description, the evolution of this ball in the subspace H F will map to ordinary low energy dynamics of the dust particles in the ball. But note that these particles in the ball are not real particles in the full quantum theory; they are approximate descriptions of waves in H F .
(e) We follow the evolution of this ball until it becomes so dense that it would itself form a black hole. This happens when the proper radius of the ball is
At this point the 'simulation' of quantum gravity that we had in the space H F would tell us that the dust ball tunnels into fuzzballs. Let this space of fuzzballs be called H F 1 . We can follow this fuzzball description of H F 1 , or we can focus on a small subset with proper radius
This subset of radius R 3 would look like ordinary dust in the approximation where we look at evolution in H F 1 in a dual description.
(f) We can continue in this fashion, focusing on smaller and smaller subsets of our initial dust ball, and getting an effective dual description of them in some space H F k . Note that the 'real' exact string theory description is only in the original space H F . We then have a subset of this space, which contains approximate fuzzballs described a space H F 1 . A subset of these approximate degrees of freedom can be described by an approximate space of fuzzballs H F 2 , and so on ( fig.7 )
The cosmological constant
In case C2 the spacetime at infinity is the asymptotically flat vacuum. Thus for the cosmological constant we have the value Λ = 0. Note that by property (F5) we have virtual fuzzball fluctuations of arbitrarily large size at spatial infinity. Now consider case C1. This time we are looking for a homogeneous infinite cosmology, and so spacetime is not asymptotically flat. Take a ball of radius R with mass M. For t Figure 7 : A collapsing dust ball stays at its horizon radius, but approximate effective semiclassical infall can be obtained (through fuzzball complementarity) for small patches. When these smaller patches reach their horizon radius, we can get an approximate complementary description of an even smaller patch etc.
sufficiently large R, we will have R < 2GM, so we will have compressed matter to a size where it is inside its horizon. The fuzzball paradigm had said that the information paradox is avoided because we can never compress matter such that it lies within its own horizon. How do we avoid this conflict between our desire to get a homogeneous infinite cosmology and our need to escape the information paradox?
The key is equation (6.6) of property (F5), which says that we can choose a different kind of wavefunctional: one where the virtual fuzzball fluctuations exist only for M < M max rather than for arbitrarily large M. In semi-classical gravity we would not consider such virtual fuzzballs, and we would therefore miss this possibility of having different kinds of wavefunctionals for the asymptotically flat black hole problem (where M max = ∞) and the homogeneous cosmology (where M max is finite).
We will now see that taking wavefunctionals with finite M max in (6.6) help resolve several puzzles in quantum gravity.
A fundamental problem in quantum gravity is the cosmological constant Λ. The quantum fluctuations of a quantum field give an energy 1 2 ω for each mode with frequency ω. If we allow ω to take arbitrarily large values, then we get a divergent energy density, and thus Λ = ∞. If we cut off ω at the planck scale m p , then we get Λ ∼ m 4 p , which would cause the universe to curl up with a curvature length scale l p . We can try to renormalize away the divergent sum over ω, getting a logarithmic divergence Λ ∼ m 4 log(m 2 /µ 2 ) for a scalar field of mass m and assuming a renormalization scale µ (see [17] for a review). Standard model parameters suggest that λ is of order (GeV ) 4 . Again, this would give a high curvature to the universe, in contrast to the almost flat spacetime we see around us. What cancels the large contribution to Λ from these quantum fluctuations? We can of course say that there is a 'bare Λ' which cancels the large contribution of quantum fluctuations, but a close cancellation would need fine tuning, and therefore would not have a clear motivation.
We will now propose that a different effect flattens out spacetime: an effect arising from the existence of virtual fuzzballs. First consider the quantum fluctuations of usual quantum fields, and suppose that these contribute a large positive energy density ρ, leading to a large positive Λ. This would then tend to generate de-Sitter spacetime with a small horizon radius r dS = (GΛ)
Now suppose we require that our wavefunctional have virtual fuzzball fluctuations only upto a mass M max . Setting R = 2GM as the rough radius of a fuzzball of mass M, we can write this limit as R < R max (8.2) where
Thus we have virtual fuzzballs for radius R < R max . Now we come to the crucial issue. If we have chosen R max ≪ r dS then we have no difficulty in constructing a wavefunctional with such virtual fuzzball fluctuations. But we cannot have R max r dS . That is, fuzzballs with radius larger than the de Sitter horizon cannot 'fit' in the spacetime. We can see this by looking at the Schwarzschild -de Sitter metric:
Virtual fuzzballs of mass M must satisfy the Gauss constraint generating the exterior Schwarzschild de Sitter geometry just as a real spherically symmetric object of mass M would. Thus we can let M in (8.5) be the mass of the fuzzball. The vanishing of f gives two horizons: the smaller value of r gives the black hole horizon and the larger value gives the cosmological horizon. The largest allowed value of M occurs when these two horizons have the same value if r, which happens for
Thus we cannot have R max > (
3GΛ
We can interpret this result physically as follows. The local quantum fluctuations of quantum fields give rise to a large contribution to Λ, which we assume to be positive. This tends to curl up the space with a small curvature length scale. But the part of the gravity wavefunctional Ψ which resides in virtual fuzzballs resists this curling up. By property (F2) the virtual fuzzballs are 'compression resistant'. The curled up de Sitter geometry has a structure where the set of points at radial distance r have an area smaller than they would have in flat space. Thus the curled up space cannot tends to compress fuzzballs with a radius larger than the curvature length scale. The virtual fuzzballs resist this compression, and thereby prevent the curling up of the space to a radius smaller than R max .
In short, we have proposed a mechanism to get a small effective Λ that is different from the usual mechanisms suggested for this purpose. In the traditional computations, we look only at the quantum fluctuations of local fields, and find a large value; we assume that this contribution is positive. We might then try to cancel this large value by a bare value that is fine tuned to be appropriately negative. In our proposal however, there is another source of quantum fluctuations that must be considered: the fluctuations of extended objects that are compression resistant; i.e., fuzzballs. If the quantum wavefunctional Ψ contains these fuzzballs upto radius R max , the the space cannot curl to a radius less that ∼ R max . Thus these virtual fuzzballs flatten space out, cancelling the curling tendency of the local quantum fluctuations.
In what follows we will assume that in the absence of other matter, spacetime does curl up to the maximum extent possible that is allowed by the virtual fuzzballs; thus from (8.7) we get
Prevention of the 'bags of gold' problem
Consider again the formation of a black hole in asymptotically flat spacetime. There are virtual fuzzball fluctuations of arbitrarily large radius R. Horizon formation is avoided because if a horizon did form, then by causality the virtual fuzzballs inside the horizon would have to get monotonically pushed to smaller and smaller radii, and this is not allowed since they are 'compression resistant'. Thus a pulse of energy collapsing to make the hole feels a departure from semiclassical evolution as it approaches horizon formation, due to the virtual fuzzballs in the wavefunctional resisting compression. This is the effect that we called 'hitting the bottom of the sea' when we modeled spacetime as having a 'thickness'. This effect removes the information paradox if we start with no black hole: the hole is prevented from forming and fuzzballs form instead. Note that causality is maintained throughout; we never require any physical effects to travel outside the light cone.
But now consider a different way of approaching the black hole paradox. Assume usual semiclassical physics. We start with a ball of mass M and radius r b < 2GM. The ball is inside its horizon r h = 2GM. In the region r b < r < r h the light cones point inwards, and if we assume that causality holds to leading order, then the matter at r < r b cannot emerge to the band r b < r < r h , and the light cone structure in the band cannot change to leading order. Then entangled pairs will be created at the horizon, and by the small correction theorem (5.6) , we will not be able to escape the entanglement problem that is central to the information paradox. (The geometry created by a ball wth size r b < 2GM is sometimes called a 'bag of gold' as it has the structure of mass at the end of a long throat-type region.)
Let us see how this version of the information paradox is resolved by our postulate of the virtual fuzzball component of the wavefunctional Ψ. We consider two possibilities:
(i) The wavefunctional Ψ has virtual fuzzballs of radii R r h (8.9) In this case there will be fuzzballs with radii r b < R < r h (8.10) in the band r b < r < r h . By causality, these fuzzballs will be forced to evolve to configurations with smaller radius, which is disallowed since the fuzzballs are resist compression. Thus the wavefunctional will evolve away almost immediately from the vacuum configuration in the band (8.10), and we will not be able to argue for the usual production of entangled pairs which are central to the Hawking process. This removes the paradox.
(ii) The wavefunctional Ψ has virtual fuzzballs only with radii
Consider the wavefunctional Ψ in the region r < r h . With (8.11), we get, using (8.8)
which can be rewritten as
Note that we are seeking to place a band of the Schwarzschild geometry with horizon radius r h in the band (8.10) . But from the Schwarzschild-de Sitter geometry (8.4) and (8.6) we see that the radius r h for such a geometry is limited as
We see that (8.13) and (8.14) are in contradiction with each other. Therefore we conclude that we cannot have a situation where the ball of mass M is compressed to a radius r b < r h = 2GM, even if we allow the wavefunctional Ψ in the vacuum regions to have a bounded range for the radii R of virtual fuzzballs.
Let us summarize the arguments in (i) and (ii) above in physical terms. In the semiclassical picture, if we compress the mass M to a radius r b < r h = 2GM, then we create a band of empty space r b < r < r h . In our postulate about the nature of the quantum gravity wavefunctional Ψ, we have encountered a new component: virtual fuzzballs, which are extended, compression resistant objects. We have to now ask what is the nature of this component of Ψ in the band r b < r < r h . In possibility (i) we allow virtual fuzzballs with radius R r h . But such fuzzballs cannot be compressed into a region with radius r r h , for the following reason. We have assumed that causality holds, so the light cones in the band point inwards, and any virtual fuzzballs structure in the band is forced to compress to ever smaller radii. Since this compression is disallowed by the structure of the fuzzball, we cannot have a vacuum region in the band. We can try to evade this difficulty be taking possibility (ii) where we have virtual fuzzballs only with small radius R ≪ r h . These small fuzzballs do not have to be centered around r = 0, and can avoid getting compressed, at least for some part of their evolution in the interior of the black hole geometry. But since the band is a vacuum region, the absence of fuzzballs of radius ∼ r h and larger forces the spacetime to curl up with a curvature radius smaller than r h . In this curled up de Sitter space, we cannot fit a band with the Schwarzschild geometry of a black hole with radius r h . So we again conclude that we cannot make a 'bag of gold' configuration where the mass M is compressed to a radius r b < r h = 2GM with vacuum in the band r b < r < r h .
The wavefunctional for the case C1
Let us now put together what we have learnt about wavefunctionals with limited virtual fuzzball size (6.7) to get a picture of the wavefunctional Ψ for an infinite cosmology: (a) We have a flat infinite cosmology of the form (2.1). Let the density of matter be ρ m . The horizon radius is given by
This is the information from semiclassical gravity. We now have to address the virtual fuzzball component of the full quantum wavefunctional Ψ. We conjecture that there cannot be virtual fuzzballs of size larger than R h . It is possible to set the maximal virtual fuzzball radius R max to be smaller than R h , but to start we will set
In physical terms, we are saying the following. In flat empty spacetime we had conjectured that there are virtual fuzzballs with arbitrarily large radius R. These virtual fuzzballs ensured that we get Minkowski spacetime as the semiclassical description of our state. If there is matter present which generates a horizon with radius R h , then we are saying that the semiclassical picture is recovered when we take the virtual fuzzballs to satisfy (9.2).
(b) As the universe expands, the horizon radius increases if ρ m is composed of dust or radiation. The virtual fuzzballs from different horizon sized regions merge, so that R max increases with time. We assume that the merger process is rapid enough at this stage so that the virtual fuzzballs can be large enough to fill up the horizon. Thus at all steps in this process we have
and semiclassical physics will appear to be valid, by our earlier assumptions. Note that this evolution process is irreversible, as the larger fuzzballs formed by mergers occupy a bigger phase space than the unmerged fuzzballs.
(c) It is possible that at some point in this evolution the virtual fuzzballs are unable to merge rapidly enough to keep pace with the increasing size of the horizon. In this situation we will have
In a vacuum spacetime, if we had fuzzball sizes limited by R max , then we argued that the spacetime developed a cosmological constant given by (8.8); i.e, it developed a de Sitter curvature with length scale ∼ R max . In the present case with horizon H −1 , we conjecture that when R max falls below H −1 , then a cosmological constant Λ will develop. Such a Λ might explain the dark energy we see today. The condition may get triggered by inhomogeneities in ρ m , which would give a resolution to the coincidence problem. It has been argued that inhomogeneities in ρ m gives rise to an effective Λ, while other computations have argued against this conclusion. Here we have a new ingredient: an inhomogeneity in the scale R max of virtual fuzzballs in the quantum gravity wavefunctional Ψ. We can then ask if such inhomogeneities can trigger the condition (9.4) and thus a nonvanishing Λ [18] [19] [20] . It would also be interesting if inhomogeneous values of the limit R max of virtual fuzzballs could act as dark matter. (For reviews, see for example [21, 22] . For observational constraints on the behavior of our cosmology today, see for example [23] [24] [25] [26] . For other approaches, see for example [27] [28] [29] [30] [31] [32] .)
Summary
We have proposed a fundamental change in the way we should view the quantum gravity wavefunctional Ψ. Traditionally, we have expected that Ψ has violent quantum fluctuations at the planck scale, but semiclassical physics at lower energies. This traditional picture leads to two problems: the information paradox for black holes and the cosmological constant problem.
Our proposal is that there is a new component in Ψ that is crucial: the quantum fluctuations of extended compression-resistant structures; i.e, virtual fuzzballs. While individual fuzzballs of mass M ≫ m p are heavy and so their virtual fluctuations are suppressed, the overall number of such fuzzballs is very large -Exp[S bek (M)] -and so the overall effect of this component of the wavefunction is important.
In the case of the black hole, these virtual fluctuations generate a 'pseuro-Rindler region' around the fuzzball depicted by the shaded area in fig.4 . The physics of this region can be modeled as a variable depth sea pictured in fig.5 . Low energy pulses (having a small height) do not notice the finite depth of the sea, but pulses of sufficiently large energy have a different behavior and evolve to fuzzballs, as depicted in fig.6 . Thus a horizon never forms, and we evade the information paradox. If we do not introduce the virtual fuzzball component of Ψ, then an infalling shell feels nothing special as it falls through its horizon, and it gets trapped inside this horizon ( fig.3 ). Then we cannot resolve the information paradox without violating causality; i.e., without allowing signal propagation outside the light cone.
Having arrived at the virtual fuzzball component of Ψ, we can now ask what role it plays in cosmology. 3 The quantum fluctuations of local quantum fields generates a large cosmological constant Λ, which we assume to be positive; by itself this Λ would curve spacetime so that it has a very small curvature radius. Most traditional approaches to the cosmological constant problem have relied on some sort of fine tuning which cancels this large quantum contribution to Λ against a bare Λ of the opposite sign. We, however find a different mechanism for the emergence of spacetime with a large curvature radius. Suppose the virtual fuzzballs in Ψ extend to a radius R max . If the space were highly curved, then these fuzzballs would get squeezed to a smaller size. Since the fuzzballs are compression resistant, they do not allow this squeezing, and consequently flatten space so that the curvature radius becomes at least R max ( fig.8 ). This proposal for cancelling the large apparent Λ ties in well with the black hole problem, since we find that it allows us to bypass the 'bags of gold' construction which is an alternative way of seeing the information paradox.
With this understanding of the virtual fuzzball component of Ψ, we conjectured a picture for the evolution of the wavefunction in cosmology. In the traditional semiclassical picture, an infinite dust universe can be regarded as the limit of a large homogeneous ball of dust sitting in asymptotically flat space. With the virtual fuzzball component of ψ, this limit is no longer smooth: the wavefunctional in the case of the infinite universe (C1) differs in structure from the wavefunctional in the infinite universe case (C2). In case C2, we have asymptotically flat spacetime, and thus near infinity we will have virtual fuzzballs with arbitrarily large mass M. If this dust ball is allowed to collapse (in order to describe a time reversed cosmology) then the dust ball will transition to fuzzball when it reaches its horizon radius. Any subsequent picture of local semiclassical physics can then only be obtained through the conjecture of fuzzball complementarity. In case C1, we are forced to assume that the virtual fuzzballs only extend to a maximal radius R max which is less than or equal to the horizon radius. If R max equals the horizon radius, then we recover semiclassical physics, just as we recover flat spacetime semiclassical physics when we have fuzzballs of arbitrarily large radius R. If R max is less than the horizon radius, then we will get a cosmological constant.
A The causal horizon
We assume that the universe is heading towards a big crunch, so thatȧ(t) < 0. Consider the sphere around r = 0 with radius r 1 (t). The proper radius of this sphere is R 1 (t) = a(t)r 1 (t) (A.1)
The area of the sphere is Thus the expansion of the outward directed null rays reaches zero wheṅ a(t)r 1 (t) + a(t)ṙ 1 (t) = 0 (A.5) which givesȧ (t) a(t) = −ṙ 1 (t) r 1 (t) = − 1 a(t)r 1 (t) = − 1 R 1 (t) (A.6) Thus we get a horizon when
where H is the Hubble constant. We set
as the horizon that we will be interested in. The energy density of the dust, measured in a local orthonormal frame where the dust is at rest, has the form
The cosmological metric has a the expansion a(t) = a 0 t so our goal is to find R 0 , as a function of the cosmological time t when we wish to make the match.
To match the cosmological coordinates to the Schwarzschild coordinates, we note that
We can also equate proper times along the dust particles that are at the boundary of the ball. In the cosmological metric, these particles move along fixed r, with dτ = dt (A.13)
In the Schwarzschild metric, let the trajectory of the boundary be R b (T b ); here we assume that the surface of the ball is still outside the horizon radius. Then
(A.14)
In the Schwarzschild metric, the quantity
is conserved along the infall trajectory. We have taken a flat cosmology, which corresponds to the particle falling in from infinity with zero initial velocity. At infinity we would therefore get
Thus at all points along the infall In the cosmological setting it is not immediately obvious what we should call the mass m inside the ball R = R b . We have the rest mass of the dust particles, but we also have a negative gravitational potential energy from the gravitational attraction between the dust particles, and a positive kinetic energy from the motion of these particles. The case of a flat dust cosmology can be mapped to the interior of a dust ball collapsing from rest at infinity. For such a dust ball the potential and kinetic energies cancel, and the entire mass comes from just the rest energy of the dust particles. Thus we set
We now check that this is the same as the mass M that we would get for the exterior Schwarzschild solution if we match the cosmological ball R < R b to asymptotically flat spacetime. From (A.21) and (A.22) we find 
